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Abstract

The combined thermo- and double-diffusive convection in a vertical tall porous cavity subject to horizontal heat and mass fluxes was
investigated analytically and numerically using the Darcy model with the Boussinesq approximation. The investigation focused on the
effect of Soret diffusion on the boundary layer flow regime. The governing parameters were the thermal Rayleigh number, RT, the Lewis
number, Le, the buoyancy ratio, N, the Soret parameter, M, which characterized the Soret effect, and the aspect ratio of the enclosure, Ar.
The results demonstrated the existence of a boundary layer flow solution for which the Soret parameter had a strong effect on the heat
and mass transfer characteristics. For M 5 1 and M 5 �1/Le, the profiles of the vertical velocity component, v, temperature, T, and
solute concentration, S, exhibited boundary layer behaviors at high Rayleigh numbers. Furthermore, as RT increased, the temperature
and solute concentration became vertically and linearly stratified in the core region of the enclosure. The thermo-diffusion effect on the
boundary layer thickness, d, was discussed for a wide range of the governing parameters. It was demonstrated analytically that the thick-
ness of the boundary layer could either increase or decrease when the Soret parameter was varied, depending on the sign of the buoyancy
ratio. The effect of RT on the fluid flow properties and heat and mass transfer characteristics was also investigated.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The combined thermo-diffusive and double-diffusive
convection in a fluid-saturated porous media is of practical
interest in many engineering applications such as petrol-
ogy, hydrology, solidification of binary alloys, as well as
many other applications. This phenomenon occurs when
a temperature gradient induces a transfer of solute,
whether in the presence or in the absence of a solute con-
centration gradient. Depending on the nature of the fluid
mixture, the solute migration can occur towards the heated
or cooled regions. A literature review showed that the phe-
nomenon leads to various and complex flow patterns, espe-
cially when the thermal and solutal buoyancy forces
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oppose each other and are of the same order of magnitude.
This particular phenomenon has attracted many research-
ers in various thermo-fluid, chemical and metallurgical dis-
ciplines, and remains a hot subject of the decade. Most
previous studies are related to rectangular flow configura-
tions with impermeable boundaries for mass transfer.
When such configurations are submitted to vertical temper-
ature gradients, attention is generally focused on flow sta-
bility and bifurcation problems.

Bénard convection of a binary liquid in a porous med-
ium was investigated by Karcher and Müller [1]. Using a
two-parameter perturbation analysis, the Soret effect on
the stability of the basic state and finite-amplitude convec-
tion was determined. These authors found that a non-
linear density–temperature relationship has a destabilizing
effect on the conductive regime. A numerical study of the
Soret effect on multiple steady-state solutions, induced by
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Nomenclature

Ar aspect ratio of the porous matrix, H 0/L 0

D mass diffusivity of the species
DT thermo-diffusion coefficient
g gravitational acceleration
H 0 height of the enclosure
j 0 constant mass flux per unit area
K permeability of the porous medium
L 0 thickness of the enclosure
Le Lewis number, a/D
M Soret parameter, S00DTDT 0=ðDDS0Þ
N buoyancy ratio, bSDS 0/bTDT 0

Nu Nusselt number, Eq. (7)
q 0 constant heat flux per unit area
RT thermal Darcy–Rayleigh number, gbTKq0L02/(kam)
S dimensionless solute concentration, ðS0 � S00Þ=

DS0

S00 reference solute concentration
Sh Sherwood number, Eq. (7)
DS 0 characteristic solute concentration, j 0L 0/D
t dimensionless time, t 0a/(L 02r)
T dimensionless temperature, ðT 0 � T 00Þ=DT 0

T 00 reference temperature
DT 0 characteristic temperature, q 0L 0/k
(u,v) dimensionless velocities in the (x,y) directions,

(u 0L 0/a,v 0L 0/a)
(x,y) dimensionless coordinates, (x 0/L 0,y 0/L 0)

Greek symbols

a thermal diffusivity
bS solute concentration expansion coefficient
bT thermal expansion coefficient
e normalized porosity, e 0/r
e 0 porosity of the porous medium
k thermal conductivity
m kinematic viscosity of the fluid
q density of the fluid mixture
qa dimensionless density of the fluid, �(T + NS)
(qc)f heat capacity of the fluid mixture
(qc)p heat capacity of the saturated porous medium
r heat capacity ratio, (qc)p/(qc)f

w dimensionless stream function, w 0/a
f dimensionless vorticity, f0L02=a
g relaxation factor, (CaKa)/(rL 0m)

Superscript
0 dimensional variable

Subscripts

max maximum value
min minimum value

0 reference state

S solutal

T thermal
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double-diffusive convection in a square porous cavity, sub-
mitted to cross gradients of temperature and concentration
was performed by Mansour et al. [2]. Depending on the
value of the Soret parameter, up to three convective solu-
tions were found to be possible and their domains of exis-
tence were delimited. Bourich et al. [3] investigated the
Soret effect on natural convection in a horizontal porous
layer heated from below and cooled from above with
uniform fluxes of heat. Critical conditions for the onset
of subcritical and stationary convection were determined
analytically in the limit of a shallow enclosure. The onset
of Soret-driven convection in an infinite porous layer with
horizontal walls maintained at different and uniform tem-
peratures was investigated by Sovran et al. [4]. The criteria
for the onset of motion via stationary and Hopf bifurca-
tions were derived for cases dealing with heating from
below or above. The authors showed that the bifurcation
from the rest state depended, among other parameters,
on the separation ratio. Soret driven thermo-solutal con-
vection in a shallow Brinkman porous layer, with a
stress-free upper surface, subject to constant fluxes of heat
on its horizontal walls was studied analytically and numer-
ically by Er-Raki et al. [5]. It was found that the Soret effect
can play a stabilizing or a destabilizing role and this,
depending on the sign of the separation parameter. Super-
critical and subcritical Rayleigh numbers were determined
as a function of the parameters governing the problem.
Double-diffusive and pure Soret effect natural convection
induced in a horizontal porous layer was investigated ana-
lytically and numerically by Bahloul et al. [6]. A linear sta-
bility analysis of the parallel flow pattern was used to
determine the critical conditions corresponding to the onset
of convection thresholds. The occurrence of finite-ampli-
tude, oscillatory and monotonic convection instabilities
were predicted. Alex and Patil [7] studied the effect of the
gravity gradient on the onset of thermo-solutal convection
due to thermal diffusion in a fluid saturated porous layer
with horizontal boundaries maintained at constant but dif-
ferent temperatures and solute concentrations. The results
showed that the pattern of the convective flow was affected
by the Soret parameter only when its magnitude was suffi-
ciently large. Recently, the Soret effect on thermo-solutal
convection induced in a horizontal Darcy porous layer sub-
ject to constant heat and mass fluxes was the object of ana-
lytical and numerical studies by Bourich et al. [8]. The
thresholds for the onset of supercritical and subcritical con-
vection were predicted explicitly as functions of the govern-
ing parameters. It was demonstrated that there existed
combinations of the governing parameters for which the
Soret effect imposed a vertical non-linear stratification of



Fig. 1. Schematic of the physical system.
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the concentration gradient even for a convective flow
regime. A reversal of the horizontal concentration gradient
was also possible. Soret-driven thermo-solutal convection
within a shallow porous layer subject to a vertical temper-
ature gradient was investigated analytically and numeri-
cally by Bourich et al. [9]. They performed a comparative
study for Darcy porous and clear fluid media. The onset
of overstability was predicted using a linear stability anal-
ysis. An appropriate normalization for the Rayleigh num-
ber was used to demonstrate that the flow behavior for
any aspect ratio of the enclosure was similar to that pre-
dicted by the parallel flow assumption.

In the case of vertical porous enclosures, the Soret effect
has also been the object of study. Hence, Soret induced
thermo-gravitational diffusion within a rectangular vertical
porous cavity subjected to horizontal thermal gradients
was considered by Marcoux et al. [10]. The case of oppos-
ing and equal thermal and solutal buoyancy forces was
considered. A linear stability analysis of the purely diffusive
state was performed and the thresholds of instability were
computed for various aspect ratios of the enclosure. The
problem of thermal diffusion in an initially homogeneous
mixture submitted to a horizontal thermal gradient was
studied experimentally and numerically by Benano-Melly
et al. [11]. The numerical results showed that, depending
on the Soret number, multiple convective flow patterns
were possible in the case of counteracting solutal and ther-
mal buoyancy forces. Joly et al. [12] studied analytically
and numerically the Soret effect on the onset of natural
convection within a vertical porous layer subject to uni-
form heat fluxes on its vertical walls using the Brinkman–
extended Darcy model. The case of opposing solutal and
thermal buoyancy forces with the same magnitude was
considered. A linear stability analysis was used to study
the stability of small perturbations from the rest state.
The dependence of the supercritical Rayleigh number on
the aspect ratio of the enclosure and the Darcy number
was found to be similar to that obtained in the case of a
double-diffusive problem in a layer subject to equal and
opposite vertical buoyancy forces and horizontal gradients
of heat and mass. However, the supercritical Rayleigh
number dependence on the Lewis number was different
for the two problems.

In the present study, the Soret effect on the double-diffu-
sive convective flows inside a vertical porous layer subject
to horizontal heat and mass fluxes was studied analytically
and numerically. In a related subject, Boutana et al. [13]
investigated analytically and numerically the problem of
natural convection induced in a vertical porous layer filled
with a binary fluid. Two different situations had been
examined by these authors. The first situation corre-
sponded to a double-diffusive natural convection in a ver-
tical enclosure submitted to horizontal heat and mass
fluxes where the Soret effect was neglected, and the second
one concerned a pure Soret convection induced by imposed
temperature gradient (constant heat flux). For a negative
separation ratio close to �1, multiple convective solutions
with different flow patterns were found to exist and the
characteristics of the boundary layer regime were investi-
gated. In the present study, the two situations examined
by Boutana et al. [13] can be recovered as limiting cases
in the mathematical formulation.

The aim of the present paper consists in studying the
influence of the Soret effect on thermal and solutal bound-
ary layers induced in a vertical porous matrix obeying the
Darcy law and subject to horizontal heat and mass fluxes.
The boundary layer flow regime was investigated in the
absence of the Soret effect under various thermal and solu-
tal boundary conditions by Trevisan and Bejan [14,15],
Alavyoon [16] and Amahmid et al. [17]. In the present
work, a Soret parameter was introduced in the governing
equations to characterize the thermo-diffusion phenome-
non. Within the boundary layer flow regime, the combined
effect of the Soret and other governing parameters of the
problem was investigated.

2. Problem formulation

The physical model under study is sketched in Fig. 1.
The model was represented by a tall vertical porous layer
that consisted of an isotropic, homogeneous and saturated
Darcy porous medium. The size of the porous layer was
defined by an aspect ratio Ar = H 0/L 0 � 1, where H 0 and
L 0 are the height and the width of the layer. The top and
bottom end walls of the layer were assumed adiabatic
and impermeable to mass transfer while the two long side
walls were subject to uniform fluxes of heat, q 0, and mass,



Fig. 2. Streamlines (a), isotherms (b) and concentration lines (c) obtained
for N = 3, M = 0.5, RT = 103, Le = 3 and Ar = 8.
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j 0. The coordinate system origin was chosen at the center of
the cavity. The diluted binary fluid that saturated the por-
ous medium was modeled as a Boussinesq incompressible
fluid for which the fluid density varied according to the
relationship given by q ¼ q0½1� bTðT 0 � T 00Þ � bSðS0 � S00Þ�.

Using a vorticity-stream function formulation, the
dimensionless equations governing the fluid flow within
the porous layer may be stated as follows:

g
of
ot
þ f ¼ RT

oT
ox
þ N

oS
ox

� �
ð1Þ

r2w ¼ �f ð2Þ
oT
ot
þ u

oT
ox
þ v

oT
oy
¼ r2T ð3Þ

e
oS
ot
þ u

oS
ox
þ v

oS
oy
¼ 1

Le
ðr2S þMr2T Þ ð4Þ

u ¼ ow
oy

; v ¼ � ow
ox

ð5Þ

The associated dimensionless boundary conditions are

x ¼ �1=2 w ¼ 0;
oT
ox
¼ 1;

oS
ox
¼ 1�M

y ¼ �A=2 w ¼ 0;
oT
oy
¼ 0;

oS
oy
¼ 0

9>>=
>>; ð6Þ

where f, w, T and S are the dimensionless vorticity, stream
function, temperature and solute concentration, respec-
tively. The constant g is given by g ¼ CaKa

rL02t
, where Ca repre-

sents the acceleration coefficient defined in Nield and Bejan
[18].

The Nusselt and Sherwood numbers, which characterize
respectively, the heat and mass transfer rates, across the
vertical walls, are given by

Nu ¼ 1

T 1
2;0ð Þ � T �1

2;0ð Þ
and Sh ¼ 1

S 1
2;0ð Þ � S �1

2;0ð Þ
ð7Þ
3. Numerical method

A standard numerical method based on a second-order
finite difference approach was used to solve the governing
equations. An alternating direction implicit method was
used to solve the discretized transport equations. The
stream function field, however, was obtained from Eq. (2)
using the point successive over-relaxation method. In the
horizontal (x) direction, the computation domain was
divided into three regions: two regions were adjacent to
the vertical walls, where the horizontal gradients were
important (boundary layer regions), in which a uniform
refined grid was used; and the third region was located in
the centre where a coarse uniform grid was used. A similar
grid strategy was used in the vertical direction. The compu-
tations reported in this paper were performed a grid size of
81 · 201 within the range 4 6 Ar 6 12. Details concerning
the numerical code validation may be found in Bourich
et al. [19].
Typical numerical results are presented in Fig. 2 in terms
of the stream function (a), isotherms (b) and solute concen-
tration contours (c). The figure shows that in the core
region of the porous layer the velocity is parallel to the
vertical walls while the temperature and concentration
fields are linearly stratified in the vertical direction. These
assumptions, which were used in the past by several
authors and are confirmed numerically by Fig. 2, are
the basis for the analytical solution approach developed
below.

4. Analytical solution

For a sufficiently large aspect ratio enclosure (Ar� 1),
the present problem can be simplified by assuming parallel
flow in the central part of the cavity. This hypothesis yields
the following approximations [20]:

wðx; yÞ ¼ wðxÞ; T ðx; yÞ ¼ CTy þ hTðxÞ
and Sðx; yÞ ¼ CSy þ hSðxÞ ð8Þ

where CT and CS are the unknown temperature and con-
centration gradients, respectively, in the y-direction.
Substituting these approximations into Eqs. (1), (3) and
(4), the steady simplified form of the full governing equa-
tions is transformed into a set of ordinary differential
equations:
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d2w
dx2
¼ �RT

dhT

dx
þ N

dhS

dx

� �
ð9Þ

d2hT

dx2
¼ �CT

dw
dx

ð10Þ

1

Le
d2hS

dx2
þM

d2hT

dx2

� �
¼ �CS

dw
dx

ð11Þ

The boundary conditions in the x-direction are now given
by

w ¼ 0;
ohT

ox
¼ 1;

ohS

ox
¼ 1�M for x ¼ � 1

2
ð12Þ

By solving the resulting ordinary differential equations (9)–
(11) together with the boundary conditions (12), the
solution depends on the sign of the parameter C, which is
defined by the following expression:

C ¼ RT½CTð1� NMÞ þ NLeCS� ð13Þ
The present study focuses on boundary layer regime, for

which C > 0. By setting C = X2 (the parameter X is posi-
tive), the parallel flow regime may be described by the
following equations:

wðxÞ ¼ A coshðXxÞ þ a ð14Þ

vðxÞ ¼ �AX sinhðXxÞ ð15Þ

T ðx; yÞ ¼ CTy þ ð1� aCTÞx� CTA0 sinhðXxÞ ð16Þ

Sðx; yÞ ¼ CSy þ ½ð1�MÞ � aðLeCS � CTMÞ�x

� ðLeCS � CTMÞA0 sinhðXxÞ ð17Þ

where

a ¼ RTð1þ N � NMÞ
X2

; A ¼ �a
cosh X

2

� � and A0 ¼ A
X

ð18Þ
The expressions for CT and CS are computed using energy
and mass balances across any horizontal section of the
porous layer. The following expressions are obtained:

CT ¼
A1

1þ A0

and CS ¼
LeA1 �Mð1þ LeÞ A1

1þ A0

1þ Le2A0

ð19Þ

Then, the expressions for Nusselt and Sherwood numbers
are obtained as

Nu ¼ 1

1� CTA1

and Sh ¼ 1

ð1�MÞ � ðLeCS � CTMÞA1

ð20Þ
where

A0 ¼ a2 3

2
� 3

X
tanh

X
2

� �
� 1

2
tanh2 X

2

� �� �

A1 ¼ a 1� 2

X
tanh

X
2

� �� �
8>>><
>>>:

ð21Þ

The combination of Eqs. (13) and (19), together with
C = X2, leads to the following equation for X:
X2ð1þ A0 þ A0Le2 þ A2
0Le2Þ � R2

Tð1þ N � NMÞ2UðXÞ

�
1� 2

X
tanh

X
2

� �
X2

¼ 0 ð22Þ

in which

UðXÞ¼A0Le2þK1 with K1¼
1þNLe2�NMð1þLeþLe2Þ

1þN �NM
ð23Þ

Eq. (22) has a solution only in a specific range of RT,
which depends on N, M and Le. By writing this equation
in the following simplified form:

HðXÞ ¼ H1ðXÞ �H2ðXÞ ¼ 0 ð24Þ
where

H1ðXÞ ¼ X2ð1þ A0 þ A0Le2 þ A2
0Le2Þ ð25Þ

H2ðXÞ ¼ R2
Tð1þ N � NMÞ2UðXÞ

1� 2

X
tanh

X
2

� �
X2

ð26Þ

and by studying the behaviors of functions H1(X) and
H2(X) at the limits of both small and large values of X
[21], it was found that the condition U0 > 0 is necessary
and sufficient to obtain a solution for Eq. (22), where U0

is given by

U0 ¼
R2

Tð1þ N � NMÞ2Le2

120
þ K1 ð27Þ

For this case, two domains can be distinguished in the
(Le,N) plane, depending on the sign of K1. The first
domain corresponds to K1 P 0, and the condition U0 > 0
is satisfied regardless of the values of the governing param-
eters. The solution for Eq. (22) is always possible in this
domain. The second domain corresponds to K1 < 0, and
the condition U0 > 0 is satisfied only when RT > RT0

(Le, N, M), where RT0 is given by the following expression:

RT0 ¼ � 120

Le2

ð1þ NLe2 � NMð1þ Leþ Le2ÞÞ
ð1þ N � NMÞ3

" #1=2

ð28Þ

This means that in the second domain, the solution for Eq.
(24) exists only when RT exceeds a critical value RT0.

Hereafter, attention is focused on the boundary layer
regime for which the condition X� 1 must be satisfied.
The boundary layer solution may be obtained as

wðxÞ ¼ a 1� eX jxj�1
2ð Þ

h i
ð29Þ

vðxÞ ¼ jxj
x

aXeX jxj�1
2ð Þ ð30Þ

T ðx; yÞ ¼ CTy þ ð1� aCTÞxþ
jxj
x

aCT

X
eX jxj�1

2ð Þ ð31Þ

Sðx; yÞ ¼ CSy þ ½ð1�MÞ � aðLeCS � CTMÞ�x

þ jxj
x

aðLeCS � CTMÞ
X

eX jxj�1
2ð Þ ð32Þ



Fig. 3. Domains corresponding to different boundary layer regimes for (a)
M = �1, (b) M = 0.5 and (c) M = 2.
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and Eqs. (19) reduce to

CT ¼
a 1� 2

X

� �

1þ G 1� 3

X

� � and

CS ¼
aLe 1� 2

X

� �
�Mð1þ LeÞ a 1� 2

X

� �� �
1þ G 1� 3

X

� �� ��

1þ GLe2 1� 3

X

� �
ð33Þ

Then values of Nu and Sh that correspond to the boundary
layer regime may be expressed as

Nu¼
1þG 1� 3

X

� �

1þG
X

1� 4

X

� � and

Sh¼ 1

½ð1�MÞ�aðLeCS�CTMÞ�þ2aðLeCS�CTMÞ
X

ð34Þ

with

a ¼ RTð1þ N � NMÞ
X2

and G ¼ a2 ð35Þ

By combining Eqs. (13), (33) and (35), it is found that

G ¼ a2 ¼ X
2C1

C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2

2 þ C3

q� �
ð36Þ

where

C1 ¼ Le2ð1þ N � NMÞðX� 3Þ
C2 ¼ ðX� 3Þ½N þ ð1� NMÞLe2�

þNMðLeþ Le2ÞðX� 2Þ � ð1� NMÞ � NLe2

C3 ¼ 4C1ð1þ N � NMÞ

8>>><
>>>:

ð37Þ

The sign of C1 requires that only one of the two relations
given by Eq. (36) may be considered to ensure that
G > 0. Therefore, an expression for G that leads to bound-
ary layer profiles for the temperature and concentration,
obtained from Eq. (36), is

G ¼ d1X for d1 > 0 ð38Þ

where d1 ¼
N þ Le2 þ NMLe

Le2ðN þ 1� NMÞ
.

In the (N,Le) plane and depending on the Soret param-
eter M, this solution exists only over the following ranges:

�1

1�M
< N <

�Le2

1þMLe
for M <

�1

Le
ð39Þ

N > max
�1

1�M
;
�Le2

1þMLe

� �
or

N < min
�1

1�M
;
�Le2

1þMLe

� �
for
�1

Le
< M < 1 ð40Þ

�Le2

1þMLe
< N <

�1

1�M
for M > 1 ð41Þ
The domain that delineates the solution (d1 > 0) is denoted
by region 1 in the (N,Le) plane. It is illustrated in Fig. 3(a)–
(c) for M = �1.0, 0.5, and 2.0, respectively.

For sufficiently large values of RT, X may be expressed
in terms of RT, N, Le and M as follows:
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X ffi R2=5
T ð1þ N � NMÞ3=5 Le2

N þ Le2 þ NMLe

� �1=5

ð42Þ

The thickness d of the vertical boundary layer may be
deduced from this expression since d is known to be the
inverse of the parameter X (d / 1/X).

5. Results and discussion

5.1. Effect of the Rayleigh number RT

We will first focus our attention on the effect of RT on X,
w0, Nu and Sh for given values of (N,Le) using each of the
three cases corresponding to different ranges of M. From
Eqs. (38) and (42), the quantities X and G vary as R2=5

T .
Consequently, the maximum velocity v(x = 1/2) varies as
R3=5

T and the flow intensity w0 = jw(x = 0)j varies as R1=5
T .

In addition, Nu and Sh vary as R2=5
T while CT and CS vary

as R�1=5
T . Therefore, the vertical gradients of both T and S

decrease as RT increases. For x > 0, the horizontal gradi-
ents of v, T and S are expressed as

dv
dx
¼ aX2eXðx�1=2Þ ð43Þ

dT
dx
¼ 1þ aCT eXðx�1=2Þ � 1

� �
ð44Þ

dS
dx
¼ ð1�MÞ þ aðLeCS � CTMÞ eXðx�1=2Þ � 1

� �
. ð45Þ

According to the above equations, it can be demon-
strated that the horizontal gradients of v, T and S are nearly
zero outside the boundary layers regardless of the value of
M, except when M = 1 and M = �1/Le. This means that
for high values of RT, the horizontal profiles of v, T and S

exhibit a boundary layer behavior. Furthermore, an
increase in RT tends to make the temperature and concen-
tration more uniform in the core region of the enclosure.
T and S are directly related to the parameter qa, which rep-
resents the dimensionless departure of the fluid density from
the reference state. For x 5 0, qa is given by

qa ¼ �ðT þ NSÞ

¼ �ðCT þ NCSÞy �
jxj
x
ð1þ N � NMÞ

X
eXðjxj�1=2Þ ð46Þ

The above equation clearly shows that for large RT, both the
horizontal and vertical density gradients become zero out-
side the boundary layer, which indicates that the horizontal
profile of qa also exhibits a boundary layer behavior. As a
result, an increase in RT also tends to make the density more
uniform in the core region of the enclosure. Furthermore,
when jNj is sufficiently small (jNj � jLe2/(1 + MLe)j),
the expression for X defined by Eq. (42) reduces to

X ffi ðR2
Tð1þ N � NMÞ3Þ1=5 ð47Þ

The expressions for X, Nu and Sh may be examined for two
important limiting cases that can be recovered by the pres-
ent formulation. The first one corresponds to the thermally-
driven boundary layer flow regime, in which the thermal
buoyancy effect dominates, i.e., jNj � j1/(1 �M)j. For this
situation, X ffi R2=5

T , and the expressions for Nu and Sh given
in Eq. (34) reduce to

Nu ffi X
2
; Sh ffi 1

1�M
Xþ

X2

i¼0

4

X

� �i
 !

for Le� 1

ð48Þ
and

Nu ffi X
2
; Sh ffi 1

1þMLe
1þ Le2X 1� 3

X

� �� �
for Le� 1 ð49Þ

The second limiting case corresponds to the solutably-
driven boundary layer flow regime, where the flow is
dominated by the solutal buoyancy force, i.e., jNj �
j1/(1 �M)j and (jNj � jLe2/(1 + MLe)j). For this case, X
can be expressed in terms of the solutal Darcy–Rayleigh
number, RS, as

X ffi R2=5
S ð1�MÞ3=5ð1þMLeÞ�1=5 ð50Þ

where RS = RTLejNj.
Under these conditions, the expressions for both Nu and

Sh may be approximated by

Nuffi 1þd1ðX�4Þ; Shffi 1

Sh0

þM
1

1þg2X
þ 1

1þg3X

� �� ��1

for Le� 1 ð51Þ
and

Nu ffi 1þ g4Xþ 4
g4

X
;

Sh ffi X
ð1=g1Þ þMð1=g5Þ

for Le� 1 ð52Þ

where Sh0 ffi 1 + 4g1(g1 � 1) + g1X and

g1 ¼
d1Le2

1þ d1Le2
; g2 ¼

d1Le2

3d1Le2 � 1
; g3 ¼

d1Le
1� 4d1Le

;

g4 ¼
d1

1þ d1

and g5 ¼
d1Le

1� d1Le
.

It should be noted that in the absence of the Soret effect,
a situation that corresponds to M = 0, Eqs. (47)–(52) lead
to expressions identical to those obtained previously by
Mamou et al. [22] for d1 > 0 while studying a pure dou-
ble-diffusive problem with the same configuration.

We now turn our attention to the effect of RT on X, w0,
Nu and Sh for given values of N, Le and M. The variations
of X with RT are illustrated in Fig. 4(a)–(c) for different val-
ues of M and different combinations of (N,Le) satisfying
the condition d1 > 0. For a given value of M, the figure
shows that the boundary layer analytical approximation
given by Eq. (42) (presented with dotted lines in the figures)
agreed well with the parallel flow solution for relatively
large values of RT. The critical values of RT beyond which
the boundary layer regime was achieved depended on the
parameters M, N and Le. Thus, by considering the case
in Fig. 4(a) that corresponds to M = �0.5, good agreement
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was obtained for RT > 80/(>250) when (N,Le) = (3,10)/
(10,10). The results presented in this figure also prove
that the thickness of the vertical boundary layer, d,
decreased monotonically with RT. This trend is in agree-
ment with the analytical predictions, where d varied
according to R�2=5

T .
The evolution of the flow intensity, w0, Nusselt number,
Nu, and Sherwood number, Sh, with RT are displayed in
Fig. 5(a)–(c) for (Le,N) = (3,3) and different values of M

(0 and ±0.5). The boundary layer regime was reached at
sufficiently large values of RT. These results support the
analytical approximations used for the boundary layer
regime (X� 1) and, at the same time, assess the validity
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of the analytical parallel flow solution when compared
against the numerical results obtained by solving the full
governing equations.

5.2. Effect of M

The effect of the Soret parameter, M, on the flow inten-
sity, w0, and Nusselt number, Nu, is illustrated in Fig. 5(a)
and (b). For a given value of RT, the Soret parameter, M,
varied within the range �0.5 6M 6 0.5, leads to an
increase in w0 and Nu for (N,Le) = (3, 3).

The Soret effect on the boundary layer thickness
(through the parameter X) was also studied for given com-
binations of Le, N and RT. The variations of X with M in
the boundary layer regime are illustrated in Fig. 6 for
Le = 10, RT = 103 and N = ±3. According to the analytical
results, the Soret effect on the boundary layer thickness, d,
depended on the sign of N. For a positive/negative value of
N, d increased/decreased monotonically as M increased.
For the case N = 3, or for N > 0 in general, the Soret effect
induced an increase in the boundary layer thickness when
M increased within the range �3.4 < M < 1.3 for N = 3,
provided that d1 remained positive. For the case N = �3,
the boundary layer regime considered in this study existed
only when the parameter M exceeded a critical value, MCR,
given analytically by MCR = (N + 1)/N (MCR ffi 0.67 for
N = �3). The effect of the Soret parameter was character-
ized by a decrease in the boundary layer thickness for the
case of opposing thermal and solutal buoyancy forces
(N < 0). The approximate expression of X given in Eq.
(47) was validated for the case N = 3 when M = �0.2.
For these values, the simplified Eq. (47) gave a value of
X = 39.59, which agrees very well with the value 39.83 pre-
dicted by the boundary layer solution given by Eq. (42).

6. Conclusions

The Soret effect on double-diffusive convection induced
in a vertical porous layer, subject to horizontal heat and
mass fluxes, was investigated analytically and numerically
in the limit of the boundary layer regime. The analytical
solution based on the parallel flow approximation was val-
idated numerically. It was demonstrated that there existed
several domains in the (N,Le) plane with different bound-
ary layer regime behaviors, depending on the Soret para-
meter. For a given value of M, the horizontal profiles of
temperature and solute concentration exhibited boundary
layer behaviors only in some regions within the (N,Le)
plane. The Soret parameter had a strong effect on the ver-
tical boundary layer thickness. The boundary layer thick-
ness increased with the Soret parameter when the thermal
and solutal buoyancy forces are cooperating (N > 0); how-
ever, the boundary layer thickness decreased with the Soret
parameter when the thermal and solutal buoyancy forces
opposed each other (N < 0).
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